A unit index-class number formula is proved for subfields of cyclotomic function fields in analogy with similar results for subfields of cyclotomic number fields.
the main result of this paper is proved. The last section is devoted to the determination of a factor of the index formula in special cases.
Since the arguments in the function field case closely follow those of the number field case, we will frequently refer the reader to Sinnott's paper [3] for the details.
We would like to thank the referee for several helpful suggestions.
Subfields of cyclotomic function fields
For the convenience of the reader, we begin this section with a rapid review of the theory of cyclotomic function fields. We also describe some basic notation used throughout this paper.
For any commutative ring F, let R* denote the unit group of F. If F is a Dedekind domain, then C{R) represents the ideal class group of F .
For any set X, \X\ will denote the cardinality of X. For any two fields F and F such that F ç E, the Galois group of E over F will be denoted Gal(F/F).
Let oo stand for the prime divisor of ¥q{T) corresponding to 1/F, and ordoo the associated normalized valuation.
We now describe the F/--action on the algebraic closure F9(F)ac of ¥q{T).
Let u e ¥q{Tfc and M e RT. Then set uM = M{q> + ß){u)
where the operators <p and // on F?(F)ac are defined by tp{u) = uq and //(«) = Tu. The action u »-» uM gives the additive group of F9(F)ac the structure of an F/--module. The following properties hold: (1) If the degree of Af is d, then A^ = {X \ XM = 0} contains qd elements. Moreover, AM is a cyclic Fj-module, isomorphic to Rj/{M), for every Af 0 in Fr. ( 2) The field KM = ¥q{T){AM), the extension of ¥q{T) in F9(F)ac obtained by adding the points of Am to ¥q{T), is an abelian extension of ¥q{T). The Galois group G m of Km over ¥q{T) can be canonically identified with the multiplicative group {RF/{M))* by the correspondence A ^ aA, where aA{X) = Xa for each X e AM. Let 4>(Af) denote the order of (Fr/(Af))*.
(3) Let J = {aa e Gm \ a e ¥*}, and let KM denote the fixed field of /. Then [Km '■ KM] = q -1 . KM is the maximal subfield of Km in which P^, splits completely, and consequently is called the maximal real subfield of KM ■ (4) Let Af = Pr, where P is a monic irreducible polynomial and r is a positive integer. In the extension Km every prime divisor except (F) and oo is unramified. {P) is totally ramified in Km ■ (5) oo is tamely ramified in KM ■ More precisely, oo splits into <P(Af)/(#-l) prime divisors in Km , each of which has ramification index q -1 and inertia degree 1.
(6) J is both the inertia group and decomposition group of each infinite prime of Km , and so every infinite prime of KM ramifies fully in Km and KM is the decomposition field of the infinite prime oo of ¥q {T).
In the remainder of this paper we assume that Af is a fixed monic polynomial. Let k be any subfield of Km ', without loss of generality, we may suppose that Af is the monic polynomial of smallest possible degree satisfying this property. The Galois group Gal{KM¡k) is a subgroup of Ga\{KM/¥q{T)), which can be considered as {RF/{M))*. So Ga\{KM/k) can be considered as a subgroup I of (Fr/(Af))* and the Galois group G = Gal{k/¥q{T)) as the quotient group (RF/{M))*/I.
In analogy with the maximal real subfield of an abelian field, we call k+ = k n KM the maximal real subfield of k; k+ is the maximal subfield of k in which oo splits. It is easy to see that C7+ = Gal(Ä:/A:+) ^ IJ/I S J/J n /.
Moreover, every infinite prime of k+ totally ramifies in k . Finally, /// n / is the inertia group of any infinite prime of k . The field ¥q{T)x , the completion of F?(F) at the infinite prime, plays the role that the field of real numbers plays classically.
Definition. Let x e ¥q{T)x = ¥q{{l/T)).
We call x monic in ¥q{T)ao if x/(l/F)ord~* = 1 (mod(l/F)).
The notion of "monic in F9(F)oo " is exactly analogous to that of "positive in E".
Let Ok (resp. Ok+) denote the integral closure of Fj-in k (resp. k+).
Proposition 1.1. Let ßo = [Ok : Ok+]. Then ßo ¿s a positive divisor of q -1. Proof. Let s e Ok . For each aa e J/J n I, consider ua = aa{e)/e . Obviously uaeOk , and for any infinite prime ty of k, ordsp(e) = ord<p(era(e)). This implies that ua is a unit at every prime divisor of k , and so ua e F*. Therefore, if j is a generator of J/J n I, then e h^ e1--' = s/j{e) induces an inclusion Ok/Ok+ «-> ¥*, so that ßo is a positive divisor of q -1. This concludes the proof of the proposition.
Let S? and S denote the set of infinite primes of k and k+ , respectively. Let 2Ü{5?) (resp. 3>°{S)) be the group of Ac-divisors (resp. /c+-divisors) of degree zero generated by 5? (resp. S). Both of these groups are free abelian of rank r = [k+ : ¥q{T)] -1. Let 3°^) (resp. 3°{S)) denote the group of principal k-divisors (resp. /c:+-divisors) divisible only by the primes in 5* (resp. S). We set R{k) = \3*{3>) : &>{&)] and R{k+) = [3>°{S) : 9>{S)]. We close this section by stating the analytic class number formula. (See [1] for details.)
Let Ck+ denote the group of rc+-divisor classes of degree zero and h{k+) its associated order. Then h{k+) = h{Ok+)R{k+), where h{Ok+) is the order of the ideal class group of 0¿+. Let x be a primitive Dirichlet character whose conductor, Fx (a monic polynomial), divides Af. Call x a rea¡ character if x(a) = 1 f°r aU a e¥*.
If A is a monic polynomial of degree less than dx = deg{Fx), set m{A) = {dx -1 -e){q -1 ) -1 if A has degree e . Denoting the trivial character by xo and recalling that r = [k+ : ¥q{T)] -1, we find that
where the product is taken over all real nontrivial characters of G and the sum is taken over the monies A of degree less than dx which are prime to Fx .
Distributions
A function u: ¥q{T)/RT -{0} -> C is called an ordinary distribution on ¥q{T)/RT if
for any polynomial 7Y ^ 0 and any r e ¥q{T)/RT . The sum here is taken over a complete residue system modulo N.
The ordinary distribution that we will concentrate on was constructed by Galovich-Rosen [1] . Let x = A/N e k/RT, where A, N e RF and deg(^f) = where the product is taken over the monic prime polynomials which divide F . Any ordinary distribution u on ¥q{T)/RT induces by restriction a distribution on RF(N) = {1/N)Rj/Rt for any polynomial N ^ 0. We abuse the notation and also label the restriction u. Recalling that the conductor of k is the monic polynomial Af, we reformulate the analytic class number formula of the previous section as follows:
Next we discuss an index notation used in this paper. Let F be a finite-dimensional vector space over Q, and let L be a Zsubmodule of V. Let V be a Q-subspace of V containing L. We call L a lattice in V if L is free as a Z-module, L spans V , and rankz L = diniQ V .
If L and L' are lattices in a Q-vector space V , then the index {L :
where Ai is an automorphism of
For any monic prime polynomial ß, Tq will denote the inertia group of ß, and e<2 the idempotent in Q[C7] associated with Tq : eQ = S(TQy\TQ\;
here, for any subset X of G, S{X) denotes the sum in F = Z[G] of the elements of X.
To any polynomial W prime to Af, the Artin map associates an element of GM = G{KM/¥q{T)) whose restriction to G = G{k/¥q{T)) will be denoted {W, k). If x is a multiplicative character from G to C*, we denote also by / the corresponding primitive Dirichlet character; for W prime to Af we have the formula x{W) = xW, k)). here \G\ denotes the order of G. The uniqueness of {W, k)* follows from the fact that the characters of G are linearly independent over C. Since the set of primitive Dirichlet characters whose conductors are prime to W forms a subgroup of the group of all primitive Dirichlet characters, {W,k)* lies in Q[C7], and {W, k)* = {W, k)~x whenever W is prime to the conductor, Af, of k. In particular, if W = Q is a monic prime polynomial, then (ß, k)* = SgleQ, where Sq is a Frobenius automorphism for Q in G ; 3q is well-defined modulo Tq . Q\f where the product is taken over monic prime polynomials ß that divide /. Let U be the F-module generated in Q[C7] by these elements aftN (f°r all monic polynomials N, and all monic polynomial divisors / of N).
Let Af denote the product of the monic prime polynomials dividing the monic polynomial Af, the conductor of k. For any monic polynomial N which divides Af, we denote by TN the compositum in G = Ga\{k/¥q{T)) of the inertia groups Tq of k, for each monic prime ß dividing N. Thus Ti = {l},Tñ = G.
The proof of Proposition 2.1 is so directly analogous to Sinnott's proof in the number field case that the reader should refer to [3, Proposition 2.3].
Proposition 2.1. U is generated as an R-module by the elements s{tn) n (i-(o,*n, Q\M/N where N varies over the monic polynomials which divide M.
As a Z-module, U is free of rank [k : ¥q{T)], and so is a lattice in Q[G].
Circular units
Let TV be any monic polynomial in RF of degree greater than zero, and let A be any polynomial not divisible by N. Let An be a generator of An . Define the circular numbers D of k to be the subgroup of k* generated by F* and all elements NKfl/kN{AN). Call C = D n Ok , the set of circular units of the cyclotomic function field k. Clearly C is a subgroup of Ok . We shall show that C is a subgroup of finite index in Ok .
Observe that al~a = a/a{a) e C, for any a e D and any a e G; this is a consequence of the fact that A/AA e C for any torsion point A ^ 0, and any polynomial A prime to the order of A.
Our first lemma gives two basic properties of D. for any monic prime polynomial ß, it follows that ¥q{T)* is a subgroup of D.
To prove (a), let a e ¥*. Then as^ = a9"' = 1.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Suppose a5(i/) = 1. For any A e A*N and for any aae J, (NKN/kN{X))a° = NKN/kNW) = NKN/kAaV • which implies that a€¥q J Thus, for aeD, as<7> =: ±a9~l. If a5(y) = 1, then a«"' = ±1. As F* is the set of roots of unity of k*, it follows that a e ¥*.
To prove (b), let aeC . Then Nk/¥¡¡{T){a) e R*T = F*. If aeD and Nk/¥q^T~>{a) = a for some a G F*, then since a'_<T G C for any a e G, Nk/fq{T){a) = as^ = a^ (modC).
Hence if Nk/¥ (F)(a) is a unit, so is a^ , and thus so is a. We next determine D5(G). The statement and proof in [3, §4] carry over verbatim.
Lemma 3.2. Ds^ is generated by Qj-k:k^ with Q varying over the monic primes in F 7-. Here Qe denotes the highest power of Q dividing Af ; of course, e depends on Q. This completes the proof. Finally, suppose that k is real and let a e D be such that a9-1 G ¥q{T)*. Let F = ¥q{T). Then E{a)/E is a Kummer extension of E and its Galois group is clearly given by elements in J. Since E{a) ç k, and k is real, it follows that the Galois group of E{a)/E is trivial, and so a e E* as asserted. This concludes the proof of Lemma 3.4.
In order to investigate [To : /(C)] we need necessary and sufficient conditions for when a given x e D has the property that (a) l{x) G F0 ; (b) l{x) e 1{C). Recall that d¡ = deg(ß,) if ß, is a monic prime polynomial which divides Af, the conductor of k. Likewise, let dQ -deg(ß) if ß is a monic prime polynomial which does not divide Af. (1(01) ■ 1(C)) = (l(0*k) : e+R0)(e+Ro : e+U0)(e+U0 : (l-ex)Tx)((\-ex)Tx : 1(C)).
We will show that each of the groups appearing on the right is a lattice in X. This will establish the finiteness of the index [Ok : C].
(1) (l(Ok) : e+Ro). Dirichlet's unit theorem implies that l(Ok) is a lattice in X, and e+Ro is also a lattice in X. In fact, the r elements e+(a -1), where a e G+ = Gal(k+/¥q(T)) and a ± 1, form a Z-basis for e+R0. Let nx,..., nr be a set of fundamental units of Ok . For any e e Ok , YlaeG or^a-^(v)(e) = ^, where ?ß is a fixed infinite prime of k . Therefore,
Since IJ/I = 7/7 n 7 is the intertia group of any infinite prime of k, License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
(e+R:e+U)
In this section, we state two results about the F-module U. They are direct analogues of results in the number field setting (see [3, §5] ), and their proofs carry over almost verbatim to the function field setting.
Recall that Fv, where A is a monic polynomial which divides Af, is the compositum of the inertia groups Tq as ß varies through the monic primes dividing N. Let Un be the F-module generated in Q 
